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Abstract
We point out that the measurement of just the two branching fractions
B(K+ → π+νν¯) and B(KL → π0νν¯) can in a theoretically clean manner de-
termine sin 2β almost independently of mt and Vcb. This allows to obtain an
interesting relation between the CP asymmetry ACP (ψKS) in B physics and the
branching ratios for these two rare K decays. The recently calculated next-to-
leading order QCD corrections improve the accuracy of this analysis. We find
typically ∆ sin 2β = ±0.11 provided B(K+ → π+νν¯) and B(KL → π0νν¯) are
measured within ±10% accuracy. With decreasing uncertainty in ΛMS and mc
this error could be reduced to ∆ sin 2β < ±0.10. The determination of sin 2α and
sin 2γ on the other hand is rather poor. However respectable determinations of
the Wolfenstein parameter η and of | Vtd | can be obtained.
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The search for the unitarity triangle is one of the important targets of con-
temporary particle physics. It is well known that CP asymmetries in B0 → f ,
where f is a CP eigenstate will play an important role in this enterprise. The
CP asymmetry in the decay B0d → ψKS allows in the standard model a direct
measurement of the angle β in the unitarity triangle without any theoretical un-
certainties [1]. Similarly the decay B0d → π+π− gives the angle α, although in this
case strategies involving other channels are necessary in order to remove hadronic
uncertainties related to penguin contributions [2, 3, 4, 5, 6]. The determination
of the angle γ from CP asymmetries in neutral B-decays is more difficult but not
impossible [7, 8].
On the other hand it has been pointed out in [9] that measurements of B(K+ →
π+νν¯) and B(KL → π0νν¯) could also determine the unitarity triangle completely
provided mt and Vcb are known. It should be stressed that these two decays
are theoretically very clean. KL → π0νν¯ is dominated by short distance loop
diagrams involving the top quark and proceeds almost entirely through direct
CP violation [10]. K+ → π+νν¯ is CP conserving and receives contributions from
both internal top and charm exchanges. The recent calculation of next-to-leading
QCD corrections to these decays [11, 12, 13] considerably reduced the theoretical
uncertainty due to the choice of the renormalization scales present in the leading
order expressions [14]. Since the relevant hadronic matrix elements of the weak
current s¯γµ(1− γ5)d can be measured in the leading decay K+ → π0e+ν, the re-
sulting theoretical expressions for B(K+ → π+νν¯) and B(KL → π0νν¯) are only
functions of the CKM parameters, the QCD scale ΛMS and the quark masses mt
and mc. The long distance contributions to K
+ → π+νν¯ have been considered in
[15, 16, 17] and found to be very small: two to three orders of magnitude smaller
than the short distance contribution at the level of the branching ratio. The long
distance contributions to KL → π0νν¯ are negligible as well.
In view of this theoretical development and anticipating improvements in the
knowledge of Vcb andmt we would like to make a closer look on this determination
of the unitarity triangle. In particular we want to point out that sin 2β can be
entirely expressed in terms of B(K+ → π+νν¯) and B(KL → π0νν¯) with only a
very weak dependence on Vcb andmt. Consequently K
+ → π+νν¯ and KL → π0νν¯
offer an independent clean determination of sin 2β which can be confronted with
the one possible in B0 → ψKS. Combining these two ways of determining
1
sin 2β we obtain an interesting relation between ACP (ψKS), B(K
+ → π+νν¯)
and B(KL → π0νν¯) which must be satisfied in the standard model. Any devia-
tion from this relation would signal new physics.
The present experimental upper bound on B(K+ → π+νν¯) is 5.2 · 10−9 [18]. An
improvement by one order of magnitude, closing the gap to standard model ex-
pectations, is planned at AGS in Brookhaven for the coming years. The present
upper bound on B(KL → π0νν¯) from Fermilab experiment E731 is 2.2 ·10−4 [19].
FNAL-E799 expects to reach an accuracy of O(10−8). Eventually a sensitivity of
O(10−12) and O(10−11), the level necessary according to standard model predic-
tions, could be achieved at KAMI [20] and KEK [21] respectively.
Our discussion of the Cabibbo-Kobayashi-Maskawa matrix will be based on the
standard parametrization [22], which can equivalently be rewritten in terms of
the Wolfenstein parameters (λ, A, ̺, η) through the definitions
s12 ≡ λ s23 ≡ Aλ2 s13e−iδ ≡ Aλ3(̺− iη) (1)
Due to the resulting simplifications, the Wolfenstein parametrization [23] is par-
ticularly useful when an expansion in λ = |Vus| = 0.22 is performed. Including
next-to-leading terms in λ [24] implies that the point A in the reduced unitarity
triangle of fig. 1 defined through
¯̺+ iη¯ ≡ −VudV
∗
ub
VcdV ∗cb
(2)
is with an error of less than 0.1% given by ¯̺ = ̺(1 − λ2/2) and η¯ = η(1− λ2/2)
and not by (̺, η) as usually found in the literature. Working in the Wolfenstein
parametrization such a treatment is required if we aim at a determination of the
unitarity triangle with improved precision.
The explicit expression for B(K+ → π+νν¯) is given as follows
B(K+ → π+νν¯) = κ ·

(Imλt
λ5
X(xt)
)2
+
(
Reλc
λ
P0(K
+) +
Reλt
λ5
X(xt)
)2 (3)
κ =
3α2B(K+ → π0e+ν)
2π2 sin4ΘW
λ8 = 4.64 · 10−11 (4)
Here xt = m
2
t/M
2
W , λi = V
∗
isVid. λc is real to a high accuracy. The function X
can be written as
X(x) = ηX · x
8
[
−2 + x
1− x +
3x− 6
(1− x)2 ln x
]
ηX = 0.985 (5)
2
P0(K
+)
ΛMS, mc [GeV ] 1.25 1.30 1.35
0.20 0.409 0.443 0.479
0.25 0.393 0.427 0.462
0.30 0.376 0.410 0.445
0.35 0.359 0.393 0.428
Table 1: The function P0(K
+) for various ΛMS and mc.
where ηX is the NLO correction calculated in [12]. With mt ≡ m¯t(mt) the QCD
factor ηX is practically independent of mt. Next
P0(K
+) =
1
λ4
[
2
3
XeNL +
1
3
XτNL
]
(6)
with X lNL calculated in [13]. We remark that in writing B(K
+ → π+νν¯) in
the form of (3) a negligibly small term ∼ (XeNL − XτNL)2 has been omitted.
Numerical values of P0(K
+) are given in table 1 where mc ≡ m¯c(mc). Note that
our definition of P0(K
+) differs by a factor −(1− λ2/2) from that used in [9].
Furthermore
B(KL → π0νν¯) = κL ·
(
Imλt
λ5
X(xt)
)2
(7)
κL = κ
τ(KL)
τ(K+)
= 1.94 · 10−10 (8)
It is evident from (3) and (7) that, given B(K+ → π+νν¯) and B(KL → π0νν¯),
one can extract both Imλt and Reλt. We find
Imλt = λ
5
√
B2
X(xt)
Reλt = −λ5
Reλc
λ
P0(K
+) +
√
B1 −B2
X(xt)
(9)
where we have introduced the ”reduced” branching ratios
B1 =
B(K+ → π+νν¯)
4.64 · 10−11 B2 =
B(KL → π0νν¯)
1.94 · 10−10 (10)
Using the standard parametrization of the CKM matrix and (2) we then obtain
¯̺, η¯ in terms of Reλt and Imλt
¯̺ =
√
1 + 4s12c12Reλt/s223 − (2s12c12Imλt/s223)2 − 1 + 2s212
2c223s
2
12
(11)
3
η¯ =
c12Imλt
s12c223s
2
23
(12)
Up to the excellent approximations that VcdV
∗
cb is real (error below 0.1%) and
c13 = 1 (error less than 10
−5) (11), (12) are exact relations. Together with (9)
they determine the unitarity triangle of fig. 1 in terms of B(K+ → π+νν¯) and
B(KL → π0νν¯).
Once ¯̺ and η¯ have been determined this way we can calculate several quantities
of interest as functions of B1 and B2 (10). In particular
rs = rs(B1, B2) =
1− ¯̺
η¯
= cotβ sin 2β =
2rs
1 + r2s
(13)
|Vtd| = Aλ3
√
(1− ¯̺)2 + η¯2 (14)
and sin 2α, sin 2γ for which formulae are given in [24]. In order to see the impli-
cations of (11), (12) more clearly, it is useful to expand these equations in powers
of the Wolfenstein parameter λ. Reλt and Imλt are of the order O(λ5). Therefore
we define
a = −Reλt
λ5
b =
Imλt
λ5
(15)
and obtain (recall (1))
¯̺ = 1− a
A2
(1− λ
2
2
)− λ2a
2 + b2
A4
+O(λ4) (16)
η¯ =
b
A2
(1− λ
2
2
) +O(λ4) (17)
Since
rs = cotβ =
1− ¯̺
η¯
=
a
b
+ λ2
a2 + b2
bA2
+O(λ4) (18)
we observe using (9) and (15) that to leading order in λ the angle β is completely
independent of mt and Vcb (or A). The dependence on these parameters enters
only at order O(λ2). Due to this suppression the determination of sin 2β from
B(K+ → π+νν¯) and B(KL → π0νν¯) will be rather insensitive to the values of
mt and Vcb.
On the other hand the time integrated CP violating asymmetry in B0d → ψKS is
given by
ACP (ψKS) = − sin 2β xd
1 + x2d
(19)
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where xd = ∆m/Γ gives the size of B
0
d − B¯0d mixing. Combining (13) and (19)
we obtain an interesting connection between rare K decays and B physics
2rs(B1, B2)
1 + r2s(B1, B2)
= −ACP (ψKS)1 + x
2
d
xd
(20)
which must be satisfied in the standard model. We stress that except for P0(K
+)
given in table 1 all quantities in (20) can be directly measured in experiment and
that this relationship is almost independent of mt and Vcb.
We would like to compare the formulae given here with the discussion of
K+ → π+νν¯ presented in [24]. In this paper approximate expressions have been
proposed for Reλt and Imλt as functions of the Wolfenstein parameters. These
approximations are equivalent to using (17) (without O(λ4)-terms) for η¯ and to
replace (16) for ¯̺ by
¯̺ = 1− a
A2
(1− λ
2
2
)−1 (21)
While the approximation for η¯ is very precise (error below 0.1%), ¯̺ given in (21)
may deviate by typically ∆¯̺ = 0.02 from the exact expression in (11). Comparing
(21) with (16) we observe that (21) neglects some O(λ2) terms, which offers
the possibility to obtain very simple, and still rather accurate, explicit relations
between ¯̺, η¯ and the K → πνν¯ branching ratios. In fact, using (9), (15), (17),
(21), we may write (σ = (1− λ2/2)−2)
¯̺ = 1 +
P0(K
+)−
√
σ(B1 −B2)
A2X(xt)
η¯ =
√
B2√
σA2X(xt)
(22)
and
cotβ = rs(B1, B2) =
√
σ
√
σ(B1 − B2)− P0(K+)√
B2
(23)
Obviously within this approximation the small dependence of β on mt and Vcb
drops out.
We now turn to a brief numerical investigation of the phenomenology discussed
above. In (4) and (8) we have used [22]
λ = 0.22 α = 1/128 sin2ΘW = 0.23 (24)
B(K+ → π0e+ν) = 4.82 · 10−2 τ(KL)/τ(K+) = 4.18 (25)
5
∆(BR) ∆(mt, Vcb) ∆(mc,ΛMS) ∆(µc) ∆total
sin 2β 0.60 ±0.06 ±0.00 ±0.03 ±0.02 ±0.11
η¯ 0.33 ±0.02 ±0.03 ±0.00 ±0.00 ±0.05
|Vtd|/10−3 9.3 ±0.6 ±0.6 ±0.5 ±0.4 ±2.1
¯̺ 0.00 ±0.08 ±0.09 ±0.06 ±0.04 ±0.27
Table 2: sin 2β, η¯, |Vtd| and ¯̺ determined from K+ → π+νν¯ and KL → π0νν¯
for the scenario described in the text together with the uncertainties related to
various parameters.
As an illustrative example, let us consider the following scenario. We assume that
the branching ratios are known to within ±10%
B(K+ → π+νν¯) = (1.0± 0.1) · 10−10 B(KL → π0νν¯) = (2.5± 0.25) · 10−11
(26)
Next we take (mi ≡ m¯i(mi))
mt = (170± 5)GeV mc = (1.30± 0.05)GeV Vcb = 0.040± 0.001 (27)
where the quoted errors are quite reasonable if one keeps in mind that it will take
at least ten years to achieve the accuracy assumed in (26). The value of mt in
(27) is in the ball park of the most recent results of the CDF collaboration [25].
Finally we use
ΛMS = (0.20− 0.35)GeV µc = (1− 3)GeV (28)
where µc is the renormalization scale present in the analysis of the charm contri-
bution. Its variation gives an indication of the theoretical uncertainty involved
in the calculation [13]. In comparison to this error we neglect the effect of vary-
ing µW = O(MW ), the high energy matching scale at which the W boson is
integrated out, as well as the very small scale dependence of the top quark con-
tribution. As reference parameters we use the central values in (26) and (27) and
ΛMS = 0.3GeV , µc = mc. The results that would be obtained in such a scenario
for sin 2β, η¯, |Vtd| and ¯̺ are collected in table 2. There we have also displayed
separately the associated, symmetrized errors (∆) coming from the uncertainties
in the branching ratios, mt and Vcb, mc and ΛMS, µc, as well as the total uncer-
tainty. We briefly mention a few interesting points concerning the determination
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of sin 2β. The accuracy to which sin 2β can be obtained from K → πνν¯ is, in our
example, comparable to the one expected in determining sin 2β from CP asym-
metries in B decays [26, 27] prior to LHC experiments [28]. The largest partial
uncertainty comes from the branching ratios themselves (±0.06). Due to the very
weak dependence of sin 2β on mt and Vcb the error from these input parameters
is negligibly small (< 0.003). Note that the theoretical uncertainty represented
by ∆(µc), which ultimately limits the accuracy of the analysis, is quite moder-
ate. This reflects the clean nature of the K → πνν¯ decays. However the small
uncertainty of ±0.02 is only achieved by including next-to-leading order QCD
corrections [12, 13]. In the leading logarithmic approximation the corresponding
error would amount to ±0.05, larger than the one coming from mc and ΛMS. We
expect that in the coming years the uncertainty in mc and ΛMS could be reduced
so that ∆ sin 2β < ±0.10 is quite conceivable.
Similar comments apply to η¯ and |Vtd|. Unfortunately sin 2α and sin 2γ can not be
determined from K → πνν¯ very reliably unless the input parameters are known
with even higher precision than considered in our example. The errors on sin 2α
and sin 2γ are generally larger than found in [24]. This is also reflected in the
sizable range for ¯̺ shown in table 2.
We have checked that a similar picture emerges for different branching ratios with
the same relative uncertainties assumed.
Let us finally summarize the main aspects of this letter.
It is well known that the rare kaon decays K+ → π+νν¯ and KL → π0νν¯ are
theoretically very well under control and are therefore expected to play a poten-
tially important role in tests of standard model flavordynamics [29, 30, 31]. In
particular these two decays alone can, at least in principle, fix the unitarity trian-
gle completely [9]. Furthermore the expressions for the branching ratios are now
available at next-to-leading order in QCD [12, 13]. For these reasons we found it
interesting to look into the perspective for obtaining parameters of the unitarity
triangle from K → πνν¯. The most promising quantities are η¯, |Vtd| and sin 2β.
We stress the following points:
• The measurement of only K+ → π+νν¯ and KL → π0νν¯ with an error
of ±10% can yield sin 2β with an uncertainty comparable to that of the
determination from CP asymmetries in B decays prior to LHC experiments.
We are aware, however, of the fact that these measurements, in particular
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of KL → π0νν¯, are very challenging experimentally.
• sin 2β determined from K → πνν¯ decays is only very weakly dependent
on mt and Vcb. The uncertainties in these parameters are therefore greatly
reduced and a clean relation between B(K+ → π+νν¯), B(KL → π0νν¯),
ACP (ψKS) and xd can be established.
• Moreover, the measurement of KL → π0νν¯ would provide a uniquely clear
evidence for direct CP violation.
In this letter we have emphasized the physics potential of the rare decays KL →
π0νν¯ and K+ → π+νν¯. While we certainly share the great enthusiasm in the
physics community to measure CP asymmetries in neutral B decays, we are con-
vinced that in addition all efforts should be made to measure the branching ratios
of these theoretically very clean rare kaon decays.
Figure Caption
Fig. 1: Unitarity triangle in the complex (¯̺, η¯) plane.
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